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Three-Dimensional Imaging Using a Frequency-
Domain Synthetic Aperture Focusing Technique

L. J. Busse, Member, IEEE

Abstraci— A frequency domain method for implementing the

synthetic aperture focusing technique is developed and demon-

strated wsing computer simulation. As presented, the method
is well suited to reconstructing ultrasonic reflectivity over a
volumetric region of space using measurements made over an
adjacent two-dimensional (2-D) aperture. Extensive use is made
of both one- and two-dimensional Fourier transformations to per-
form the required temporal and spatial correlation required by
the technique, making the method well suited to general purpose
computing hardware. Results are presented demonstrating both
the lateral and axial resolution achieved by the method. The effect
of limiting the reconstruction bandwidth is also demonstrated.

I. INTRODUCTION

HE SYNTHETIC aperture focusing technique (SAFT)

has long been recognized as a method well suited for
generating high resolution images, over a large depth of field
using ultrasound [1]. SAFT has been most often applied in the
field of nondestructive evaluation [2], [3] for detection and
characterization of defects in thick metal structures, however,
as two-dimensional (2-D) imaging arrays for medical imaging
are developed [4], it may also be a useful tools for researchers
in: medical imaging.

The method coherently combines pulse—echo measurements
made at a multitude of transmitter/receiver locations to form
a map of the ultrasonic reflectivity of the region being in-
sonified. SAFT takes advantage of both spatial and temporal
correlations to enhance the resolution and the signal-to-noise
ratio of the resultant images. The multiple transmit/receive
locations have been realized either by using a single trans-
ducer, mechanically scanned in a one- or two-dimensional
aperture [5] or by using a linear array of transducer elements
[6]-{9]. The previous implementations of the SAFT have
relied on a “delay and sum,” time-domain processing strategy
that was shown to be quite time consuming on general pur-
pose computing equipment [10]. For efficient implementation,
SAFT has required either special purpose computing hardware
[11] or beam forming hardware [6]}-[9]. Historically, synthetic
aperture imaging systems were developed in the field of
radar mapping and surveillance. In the early 1970s, the first
ultrasonic SAFT systems were assembled in direct analogy
to the radar systems [1]. Data were originally recorded in an
analog fashion (on film) and processed optically.
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The first digital implementation of SAFT using computers
for the data processing, soon followed. This technology has
since been applied in the inspection of thick section metal
components found in the nuclear industry [11], [12] and in the
aerospace industry [6]-[9).

These original SAFT systems, made use of a time delay
algorithm (sometimes called the delay-and-sum method) for
simulating the required lens effect. This approach, while
physically understandable, was cumbersome for implementing
on a general-purpose computer system. Much effort has been
expended to adapt this delay and sum algorithm so that it
could be implemented upon specially designed real-time SAFT
processors [11].

In this paper, a frequency-domain form of the SAFT (FD-
SAFT) algorithm is presented. In the past, a number of
frequency domain approaches have been taken to synthetic
aperture imaging, but most have concentrated on producing
2-D images in a B-scan [13]-[16]. The method presented here
is similar to that of Teo and Reid [17] but is unique in that it
uses broadband pulses for data collection and it is specifically
aimed at producing three-dimensional (3-D) reconstructions
of the inspected volume. FD-SAFT is an extension of the
angular spectrum technique [18], [19] of scalar diffraction
theory for back-propagating a measured field pattern from the
measurement plane to any other parallel plane. The FD-SAFT
algorithm makes use of both temporal and spatial Fourier
transforms to efficiently perform the correlations required for
SAFT imaging in the frequency domain. Because the algorithm
relies heavily on Fourier transforms, it can be efficiently im-
plemented using more commonly available computer hardware
such as array processors, accelerator cards, or DSP chips.
To underscore the efficiency, all of the simulation results
presented in this paper were obtained using FFT software [20]
and a commonly available personal computer.’

II. THEORY

The frequency domain form of the synthetic aperture fo-
cusing technique (FD-SAFT) to be described is based upon a
mathematical analysis technique, known as angular spectrum
decomposition [18], [19]. In this section the narrow band
(single frequency) version of this technique will be briefly
presented and then extended to the case of broadband (pulsed)
image reconstruction techniques. The theory presented as-
sumes that data are collected using a series of measurements
from a “point-like” sensor. Such a sensor might consist of

! For example, a microcomputer based on the Intel 80386/387.
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an array of omnidirectional transducers or a single transducer
scanned over a planar receiver aperture.

A. Narrow Band Version

Let U(z,y,0) represent the complex (real and imaginary)
acoustic pressure field measured over a 2-D aperture (char-
acterized by x,y) at the plane z = 0. By 2-D Fourier
transformation this pressure field can be represented by its
angular spectrum, a series of components A(K,, K;0)

(= =)
A(K;, K,;0) :// U(z,y:0)expli(zK, + yK,)| dz dy
—0C
(1)
where K, = ak, K, = pk, K, and K, are called spatial
wavenumbers, k is the ultrasonic wavevector (w/v); « and 8
are directly interpretable as the direction cosines of plane wave
components. The effect of the 2-D Fourier transformation is to
break the measured field distribution U into a series of plane
wave components each propagating at a known angle specified
by (a, ). Conversely, the inverse transformation

i/

- exp [—wa(:z.KI +yK,)| dK, dK, (2)

U(z,y;0) = A(K,,K,:0)

shows how the measured field is composed of its angular
spectrum. In addition to the above equation, U must also
satisfy the Helmholtz equation

VU + kU =0 (3)

in all regions of space free from sources (or sinks) of ul-
trasound. Substitution of the above equation into (2) and
interchange of the order of differentiation and integration leads
to a second-order homogeneous differential equation with the
following: solution:

A(K,, Ky: z)
= Ao(Kz, Ky: 0)
exp (éskz(l - (Kz/.-sk)2 - (Ky/s.-'c)g) 1/2)
= Ao(Ko, Ky 0)B(2,w) ()
where s = 1 for a fixed transmitter/scanned receiver and

s = 2 for a simultaneously scanned transmitter/receiver [21],
[22]. In other words, the effect of wave propagation from a
plane z = 0 to another arbitrary plane z, can be determined
by simply adjusting the relative phase of each of the plane
wave components. The complex exponential term in the above
equation is sometimes called the backward wave propagator.
This propagator, designated as B, is an explicit function of
frequency w and the distance of propagation z and can be
characterized as a linear, dispersive spatial filter. Following
application of this filter, the ultrasonic field at the néw plane
can be calculated as the 2-D Fourier transform of the A:

Ulz,y;2) =
iﬂ // A(K., Ky 2) exp [-i(zK, +yK,)) dK, dK,
5)

This result is well known and is an extensively applied image
reconstruction algorithm in the area of acoustic holography
where measurements are generally made at a single frequency
(or a very limited range of frequencies). Single frequency
acoustic holography provides diffraction limited lateral res-
olution, however, axial or depth resolution is poor.

B. Broadband Version

A pulsed or broadband version of this imaging procedure
can be developed by applying the above imaging procedure
to each frequency component of the pulsed waveform. Let
u(x,y;0,t) represent the set of complex waveforms recorded
by a point receiver as it is scanned in the plane located at
z =-0. A Fourier transform with respect to time can then be
used to break these waveforms into a set of complex pressure
fields, each representing a discrete frequency w:

o

Ulz,y;0,w) = / Ulz,y;0,t) exp (iwt) dt, tes =0 (6)
— 00

where the reference time, ¢..f = 0, is meant to indicate that all

waveforms are referenced to the time at which the transmitter

is fired. Subsequent application of a 2-D Fourier transform to

each frequency component

A(K,, Ky; O,w)szooU(:f:?y;O. w)exp[i(zK, + yK,)| dz d:
- Y

vields a set of angular spectra that can be used to completely
characterize the recorded pulsed pressure field at z = 0. The
angular spectrum can be used to calculate a series of complex
images at any other plane z by application of the appropriate
filter function. To calculate the complex pressure fields with
respect to a new plane z:

A(K, Ky:z,w) = Ao(K;, Ky;0,w)B(z,w)
where B(z,w) = exp (iskzC)

C= (1 — (K./sk)* - (x‘fyfﬁf’c)z)l_/2
k=w/v. ®)

The dimensionality of this new angular spectrum must now be
reduced in order to form the processed image.

The first méthod to be considered is to simply invert the
processes that were used to form A. A series of inverse 2-D
Fourier transforms can be applied

Mz, y; 2,w)
A(K,, Ky z,w)exp[—i(zK, + yK,)] dK, dK,

i .

to form a series of single frequency images. The images can
then be integrated

< U(z,y;z) >= [ Ulz,y; z,w) dw

(10)
to form the equivalent broadband image at the plane z.

In practice, however, the function U is measured by sam-
pling the receive aperture at fixed intervals, éz and dy.
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Physically, this fixed sampling makes the spatial wavenumbers
independent of the ultrasonic frequency since the spatial
wavenumbers are inversely proportional to the spatial sam-
pling intervals. Noting these sampled wavenumbers as K, and
K, (9) and (10) can be rewritten as (11). By interchanging
the order of spatial and temporal integrations, averaging over
frequency w can be accomplished in the spatial frequency
domain. The average image < U(z,y; z)> is therefore formed
with a single inverse 2-D transform rather than one transform
for each frequency component as in (9).

To summarize, the broadband algorithm consists of the
following steps:

1) Take the Fourier transform of each waveform,

2) Select the frequencies to be used for reconstruction and
store a series of complex pressure fields, U(z, y; 0,w),

3) Take the spatial 2-D Fourier transform of each of these
pressure fields to form the angular spectrum at each
frequency, A(K;, K,;0,w),

4) Apply the propagator function B(z,w) to each angu-
lar spectrum to transform it to the plane of interest,
A(KL, K, z,w),

5) Average these components over frequency w to form
< A(K.,K,;z) >, and

6) Finally, take the magnitude of the inverse Fourier trans-
form of this averaged angular spectrum to form an image
of the plane z,| < U(z,y;2) > |.

III. METHODS

To test the FD-SAFT algorithm as outlined in the previous
section, a computer program was written to generate (simulate)
the set of waveforms that would be observed by an omnidi-
rectional transmit/receiver transducer when it is scanned in a
raster fashion over a square receiver aperture. The receiver
aperture was sampled at A/2, where A is defined by the
center frequency (v/Feenter), in both the z and y dimensions.
The full aperture L was 32X at the center frequency. (This
choice of sampling could conceivably lead to undersampling
of high spatial frequency components for temporal frequencies
higher than Feter. The simulations that follow, however,
were performed with reflectors located at sufficient range
so that no undersampling would occur.) The program was
written to allow an arbitrary number of point scatters to be
located in the volume of interest. Data from this computer
program were recorded for subsequent processing., Fig. 1
illustrates the geometry used for these simulations. A second
computer program was written to implement the FD-SAFT
reconstruction algorithm. Standard floating point FFT software
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Fig. 1. [lllustration of the geometry associated with FD-SAFT. Data is
collected by sampling the receiver aperture and a 3-D reconstruction is formed
by imaging at multiple planes in the volume of interest.

[20] and ANSI-standard C compilers® were used to implement
both programs on a personal computer.

To illustrate the effects of the multifrequency approach on
axial and lateral resolution a data set was generated for a single
point reflector located on axis at a range equal to 2 aperture
widths (64A) from the receive aperture (i.e., a normalized
range of 2). The time and frequency domain characteristics
of the pulse used for this simulation are illustrated in Fig. 2.
The pulse was a Hamming weighted sinusoid, of three cycles
duration sampled at 5 points per cycle. A set of 64x64, 512
point waveforms (A-scans), quantized to 8-bit accuracy, were
generated as used as input for the FD-SAFT algorithm.

Fig. 3 shows the result of this calculation in terms of the
point-spread-function (PSF) for two extreme cases; panel A
shows the image of the single point reflector when only a
single frequency component at the center of the pulse is used
for the reconstruction and panel B shows the image of the
same point when 31 frequency components, symmetrically
spaced about the pulse center frequency, were included in the
reconstruction. The full 64 x 64 aperture is displayed (—L/2 <
x,y < L/2) in these plots and the data is plotted on a linear
scale. The lateral resolution is comparable for these two PSF’s
however the effects of increased clutter level is more apparent
for the single frequency image. Increased clutter is probably
a result of quantization error since only simulated 8-bit data
were used.

Fig. 4 shows the results of the FD-SAFT algorithm in terms
of axial resolution. The results of four different reconstruction
procedures are summarized in this figure. Each reconstruction
was performed for a series of 21 planes located at normalized
ranges from 1.6 to 2.4. Reconstructions were made using 1,

2Depending on memory requirements, different compilers were used: 1)
Turbo-C++ compiler and linker, from Borland International, Scotts Valley,
CA and 2) NDP C-386 from Microway, Inc. Kingston, MA, used with
386/|ASM/Link/DOS Extender from Phar Lap Software, Inc., Cambridge, MA.

<Ulzgi2) > = n/ {// A(KL K} 2,w) exp [~i(eK + yK)] dK. dK;} do

= L] {/ A(K,, Ky z,w) dw} exp [~i(zK} + yK,)| dK, dK),.

(11)
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Fig. 2. Shows the time (a) and frequency (b) domain signals used in the imaging simulations.

(b)

Fig. 3." Shows the image of a single point reflector (point spread function) located at the center of the aperture and at a normalized
range of 2. This corresponds to an x.y aperture L of 32 Acenter at @ range z of 64 Acenier. Panel A shows PSF over the
full aperture when only the center frequency of the pulse was used and pancl B shows the PSF obtained when 31 frequency

components of the pulse were used. The vertical scale is linear.

11, 21, and 31 frequency components. The effect of increased
bandwidth on axial resolution is clearly depicted. When one
frequency component is used, the axial resolution is basically
only that provided by the focal properties (depth of field) of the
aperture. As the number of frequency components is increased
to 31, the axial resolution becomes comparable to pulse length
used for the simulation, (in this case, 1.6 cycles of the center
frequency is equivalent to a normalized range of 0.05). In
other words, depth resolution is not sacrificed by using the
frequency domain approach as long as a sufficient number of
frequencies are included.

Fig. 5 depicts a grey-scale image of a more complicated
set of point reflectors located at a normalized range of 2 and
arranged as follows: in the center of the image is a 3x3 set
of points separated by 2 A; in quadrant 1, a 3x3 set separated
by A; in quadrant 2, a 3x3 set separated by 2 A; in quadrant
3, a 3x3 set separated by 3 A; and in quadrant 4, a 3x3
set separated by 4 A. This image was reconstructed using 31
frequency components, a 32-A aperture, at a range of 64 A,
and is displayed with a linear gray scale. From 0-10% of full
scale is shown in black, a 64 level linear gray scale is used to
represent values from 10% to 100% of full scale. The image
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Fig. 4. Plot showing the effect of the reconstruction bandwidth upon the
axial resolution. The four curves show the axial response for a single point
reflector at a normalized range of 2 when 1 (M), 11 (+), 21(*), and 31(C])
frequency components are used.

demonstrates that the resolving power of FD-SAFT near the

~edges of the aperture is quite comparable to that observed at

the center of the aperture.
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Fig. 5. Imaging of five groups of 9-point reflectors made at a normalized
range of 2. This corresponds to an x. y aperture of 32 Acenger 3t a range of
64 Acenter. The image, shown over the full », y aperture, was made using 31
frequency componenis and is displayed using a linear, 64 level gray scale.

IV. CONCLUSION

[n this paper, a theoretical description and demonstration of
a frequency domain, synthetic aperture imaging method has
been presented. The method, which is based on the angu-
lar spectrum method of wavefront analysis, makes extensive
use of temporal and spatial Fourier transforms to implement
the correlations required for synthetic aperture imaging. The
method allows data collected over a 2-D aperture to be formed
into a 3-D representation of ultrasonic reflectivity.

Simulation results have been presented for the case of a
simultaneously scanned transmitter/receiver. The results indi-
cate that diffraction limited lateral resolution can be achieved
and that the axial resolution is inversely related to the band-
width of the reconstruction. In practice, the lateral and axial
resolution will most likely be limited by actual properties
of the transducer or sensor used to collect the data: the
directivity pattern of the transmitter/receiver will limit lateral
resolution and pulse response or bandwidth will limit axial
resolution.

During the course of these simulations it was found that
the most time consuming process was the large number of
time domain (one-dimensional (1-D)) FFT’s that are required;
for these simulations, 4096 1-D FFT’s for each simulation.
When implemented in hardware, these FFT’s would best
be performed as part of the data collection process. Signal
processing hardware can perform the necessary calculations
at rates comparable to the pulse repetition frequencies used
for ultrasonic imaging. Implementing the FFT’s as part of the
data collection process would also reduce the data storage and
handling requirements since only a predetermined (limited)

number of Fourier coefficients would have to be retained rather
than an entire waveform record.

For coherent phasing of multifrequency reconstructions, the
recorded A-scans have to be time refe'renced, sothat t = 0
corresponds to the time at which the transmitter is fired. In
practice, however, it is desirable to limit the recorded time
window and to start A-scan recording at a later time. In these
situations, for proper phasing the reconstructed components, it
is necessary to either apply a phase compensation factor either
in the time-domain before the 1-D FFT’s or in the frequency-
domain after the 1-D FFI’s. In the time domain, the required
time operation is to apply a shift so that the first recorded
point falls on a point that corresponds to an integer times the
number of points recorded per waveform.

The next most time consuming step of the process is
calculating the backward wave propagator for each plane in
a 3-D reconstruction. FD-SAFT, as presented, requires the
backward ‘wave propagator to be calculated and applied at
cach depth where a reconstruction is to be performed. This
is a rather heavy computational load since it involves a 2-D
transcendental function that must be performed at every depth
and at every frequency. Some reduction in the computational
effort might be gained by considering the physical function of
the backward wave propagator and by examining the results
presented in Fig. 4.

In a sense, the propagator is a correlation function that
has the right focal properties for the frequency and depth
of interest. A plot of the propagator (not shown) reveals a
ring pattern that is basically a Fresnel zone plate, or lens
that provides the phase shifts necessary at the frequency w
for focal plane response at z. Such a lens has associated
with it a range of z values over which an acceptable focal
response can be achieved (as is shown in Fig. 4 for the
one frequency reconstruction result). The range, known as the
depth of field, should allow the number of propagators needed
for the reconstruction to be significantly reduced.

By breaking the total range of depths into bands (or focal
zones) the computational load can be significantly reduced.
The width of each of these bands should be determined by the
optical element that limits the overall depth of field at a single
frequency; either the scanned aperture or the directivity pattern
of the sensor. (Previous analysis of SAFT resolution indicates
that receiver directivity patterns are the limiting element in
most practical situations [3].)

As a final comment, the methods presented in this paper
were restricted to planar receiver apertures and a scanned
transmit/receive sensor element. It is possible to extend this
procedure to other sensor configurations such as fixed trans-
mitter/scanned receiver geometries or even sparse array ge-
ometries where a limited number of transmit/receive locations
are used for data collection.
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